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ABSTRACT
The conformal field theory for the gl(N,N) affine Lie superalgebra in two
space-time dimensions is studied. The energy-momentum tensor of the model,
with vanishing Virasoro anomaly, is constructed. This theory has a topological
symmetry generated by operators of dimensions 1, 2 and 3, which are represented
as normal-ordered products of gl(N,N) currents. The topological algebra they
satisfy is linear and differs from the one obtained by twisting the N = 2 super-
conformal models. It closes with a set of gl(N) bosonic and fermionic currents.
The Wess-Zumino-Witten model for the supergroup GL(N,N) provides an explicit
realization of this symmetry and can be used to obtain a free-field representation
of the different generators. In this free-field representation, the theory decomposes
into two uncoupled components with sl(N) and U(1) symmetries. The non-abelian
component is responsible for the extended character of the topological algebra, and
it is shown to be equivalent to an SL(N)/SL(N) coset model. In the light of these
results, the G/G coset models are interpreted as topological sigma models for the
group manifold of G.
1. Introduction and summary of main results
Since their introduction by Witten [1] five years ago, topological field theories
have been a subject of intensive investigation . Some of these theories have been
shown to be relevant in the attempts to understand the non-perturbative structure
of string theory and quantum gravity[2]. Moreover the three-dimensional Chern-
Simons gauge theory [3] has provided us with a fascinating connection between
three-dimensional topology and conformal field theory in two space-time dimen-
sions.
In Mathematics, topological field theories have become valuable tools in the
study of topological invariants of low-dimensional manifolds. So, for example,
the Donaldson polynomials are obtained from observables of the four-dimensional
topological Yang-Mills theories [1], and two-dimensional topological gravity [4]
provides a framework to study intersection theory on the moduli space of Riemann
surfaces [2,5]. In three dimensions, Chern-Simons theories allow to define invariant
polynomials for knots and links and, for example, when the gauge group is SU(2),
the Jones polynomial and its generalizations are obtained.
In general there are two fundamental classes of topological theories [6]. To the
first class belong those models in which the action does not depend on the metric
of the manifold on which the local fields are defined [7]. The natural observables of
these models are metric-independent operators whose vacuum expectation values
give rise to topological invariant quantities. Examples of this first class of theories
are the BF models and the already mentioned Chern-Simons theory.
The second class of topological theories have an action which does depend
on the metric of the base manifold. However, these theories possess a nilpotent
fermionic symmetry that allows the introduction of a BRST cohomology. The
distinctive feature of this class of theories is that their energy-momentum tensor is
exact within this BRST cohomology, a fact which ensures the metric-independence
of any correlator involving BRST-invariant operators. This is precisely the sense
in which these theories are topological. The Donaldson-Witten theory in four
1
dimensions [1], and the topological sigma model in two [8], are the most outstanding
theories of this class. In this paper we shall consider this second type of topological
field theories.
Several procedures have been proposed in order to construct models satisfying
the highly non-trivial constraint of having an energy-momentum tensor which is
exact with respect to a fermionic symmetry of the action. The mostly used one is
that in which the topological theory is obtained from models having two or more
supersymmetries. This procedure is based on a redefinition of the Lorentz group of
the theory, which amounts to a modification (a “twist”) of the energy-momentum
tensor T of the model in such a way that it becomes the BRST variation of a
fermionic operator [9]. The BRST current implementing the topological symme-
try of the twisted theory is one of the supercurrents of the model we start with.
Applying this twist to an N = 2 superconformal theory in two dimensions [10],
one ends up with a topological conformal field theory [11]. The generators of this
topological symmetry close an algebra (the so-called conformal topological alge-
bra) which is a transcription of the original N = 2 superconformal algebra. The
main drawback of this twisting procedure is the difficulty of constructing models
possessing more than one supersymmetry. Furthermore, it has been shown [12]
that one can relax the conditions required to the untwisted theory while keeping a
sensible topological theory after the twist is performed.
Another method to generate topological conformal theories in two dimensions
has been proposed by Eguchi and Yang [9]. It consists in constructing coset theories
with vanishing Virasoro central charge c. These cosets are formulated in terms of
bosonic operators. However, at the topological point c = 0, a fermionic symmetry
making T BRST-exact shows up. In a Coulomb gas approach, the generator of
this topological symmetry is obtained from the screening operators of the theory.
Some other procedures have been presented. In general, the requirements that a
topological field theory must fulfil make their construction so restrictive that one
may hope that a complete classification programme of (at least) some classes of
them could be completed.
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In this paper a new method to generate topological conformal field theories is
presented. Our construction makes use of the properties of affine Lie superalgebras
[13,14] whose bosonic and fermionic contents are matched in such a way that the
net balance of commuting and anticommuting local degrees of freedom of the cor-
responding conformal field theory gives a vanishing result. In order to implement
this balance we will be forced to consider non-semisimple Lie superalgebras and,
in fact, we shall restrict ourselves to the case of gl(N,N).
Our first step will be the construction of the energy-momentum tensor T of
the theory. This operator will be obtained by requiring the gl(N,N) currents to
be primary, dimension-one operators. The fact that we are dealing with a non-
semisimple Lie algebra will introduce additional complications to the standard
Sugawara construction of T . These new features were analysed by Rozasnki and
Saleur [15], who considered the gl(1, 1) case in their study of the Alexander-Conway
knot polynomial in quantum field theory [16]. Their method carries over to the
more general gl(N,N) model. Once T has been determined, we shall check that
the corresponding conformal field theory has a vanishing Virasoro anomaly, and
we will characterize its underlying topological symmetry. In our approach there
is a manifest balance between even and odd excitations, and it is straightforward
to find the symmetry relating them. Actually, this symmetry can be generated in
a local way by a suitable combination of the fermionic currents of the affine Lie
superalgebra. The exactness of our energy-momentum tensor with respect to this
topological symmetry can be readily verified. The current algebra is used as a
guiding principle for this purpose and, as a matter of fact, the odd partner of T is
constructed by a fermionic analogue of the Sugawara construction. In general, all
the operators appearing in the topological algebra will be normal-ordered products
of currents.
The elucidation of the algebra closed by T and its odd companion can serve to
unravel the algebraic structures underlying the topological symmetry in quantum
field theory. The algebra of our model transcends the mere twisting of the N =
2 superconformal algebra. In general, we shall obtain an extended topological
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algebra including two additional dimension-three operators (a bosonic field and its
fermionic partner). An interesting aspect of this algebra is its linear character,
in spite of the fact that it contains higher-spin operators. Actually, Kazama [17]
found this same algebra as a consistent truncation of a larger one, satisfied by the
matter system studied by Distler [18]. Therefore our model provides an explicit
realization of this extended topological algebra.
It is important to point out that the model we shall construct is already
“twisted” , i.e., no redefinition is needed to render the theory topological. Nev-
ertheless, we can try to relate our algebra to the standard superconformal sym-
metries. It turns out that, upon “untwisting”, our algebra can be related to the
N = 1 superconformal algebra in such a way that all generators can be arranged
into N = 1 supermultiplets.
Another topic we shall investigate is the compatibility of the extended topo-
logical algebra with the current algebra on which it is based. By construction, T
closes with the currents when they are commuted, so it is quite natural to require
the latter to be primary also with respect to the odd partner of T . It turns out,
however, that only half the initial currents satisfy this condition. They close with
themselves and with the generators of the topological algebra. Each of the bosonic
currents in this restricted set is BRST-exact, and their fermionic partners also be-
long to this set. In fact, they close an algebra that is the topological analogue of
the affine algebra and that we shall name topological current algebra. Our anal-
ysis will reveal that the topological symmetry can coexist with a current algebra.
Actually, the non-abelian nature of the latter determines the extended character
of the former. As happens with conformal field theories, one would expect that
additional symmetries, such as current algebra symmetries, could serve to orga-
nize the Hilbert space of the topological theory in such a way that a well-defined
representation theory could be developed. In string theory this extra symmetry
could provide a dynamical principle to overcome the difficulties appearing beyond
the d = 1 barrier [19].
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An explicit realization of this topological conformal field theory can be obtained
by quantizing the Wess-Zumino-Witten (WZW) model [20] for the GL(N,N) su-
pergroup. Using this realization we shall conclude that our model describes a
zero-dimensional topological sigma model. Performing a Gauss-type decomposi-
tion of the of the basic GL(N,N) variable of the WZW model, we shall obtain a
free-field representation [21] of the extended topological algebra that will shed light
on its nature and will clarify its relation with other models of two-dimensional topo-
logical matter. Within this free-field realization, our model is represented as the
superposition of two uncoupled models having sl(N) and U(1) symmetries. Each
of these two separately constitutes a topological conformal field theory. The non-
abelian one realizes the extended topological algebra non-trivially, whereas for the
U(1) component, this algebra reduces to the one obtained by twisting the N = 2
superconformal models. The non-abelian theory we shall find is identical to the
representation of the G/G coset models [22] obtained in references [23,24,25]. This
means that our extended topological algebra is realized in this type of topological
theories which, from our point of view, are regarded as topological sigma models
for group manifolds, i.e., as the topological analogue of the Wess-Zumino-Witten
theories. These aspects of our construction will be discussed elsewhere [26].
This paper is organized as follows. In section 2, after reviewing the basic
features of the gl(N,N) current algebras needed in this paper, we construct the
energy-momentum tensor. The topological algebra of our model is explored in
section 3. The relations satisfied by this algebra have been compiled in Appendix
A. The topological current algebra of our model is obtained in section 4. An
example of how these topological algebras appear in the sl(2) WZW model is
developed in Appendix B. In section 5 the free-field representation of the extended
topological algebra is worked out. Finally, in section 6 we discuss our results and
indicate some possible lines of future development of our ideas.
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2. gl(N,N) current algebras
We begin this section giving the basic definitions and properties of the gl(N,N)
Lie superalgebra [13,14]. Consider a supervector space having N bosonic dimen-
sions andN fermionic ones. In this supervector space we shall take an homogeneous
basis having N bosonic and N fermionic elements. We shall label this basis in such
a way that the first N vectors are the bosonic ones. Accordingly, in this space, any
vector is determined by a set of quantities V A with 1 ≤ A ≤ 2N , the V a(V a+N )
for a = 1, · · · , N being the bosonic (fermionic) components. In what follows a
capital latin letter will denote an index running from 1 to 2N , whereas lower-case
latin indices can take any value between 1 and N . The grade of a given index
A (denoted by g(A)) is defined to be zero (one) if it labels a bosonic (fermionic)
component. Therefore, with our conventions,
g(A) =
{
0, if 1 ≤ A ≤ N
1, if N + 1 ≤ A ≤ 2N . (2.1)
The gl(N,N) Lie superalgebra is the algebra of 2N × 2N matrices acting on a
supervector space with N bosonic and N fermionic dimensions. In an homogeneous
basis we can write the general form of any element of gl(N,N) as
X =
(
B1 F1
F2 B2
)
, (2.2)
where B1 and B2 are N × N matrices whose elements are c-numbers, whereas
the entries of the N × N matrices F1 and F2 are odd Grassmann numbers. The
matrices of the form
B =
(
B1 0
0 B2
)
F =
(
0 F1
F2 0
)
, (2.3)
are said to be homogeneous. To these homogeneous matrices we shall assign a
grade. A matrix like B is called even, whereas F is said to be odd. Actually we
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shall consider off-diagonal matrices like F as odd matrices even if their entries are
c-numbers. The grade of any homogeneous matrix X is defined as follows:
g(X) =
{
0, if X is even
1, if X is odd.
(2.4)
The grade of vector indices and matrices (eqs. (2.1)and (2.4)) are defined modulo
2 (i.e. as for a Z2 grading).
The superalgebra structure for gl(N,N) is introduced by defining the general-
ized Lie bracket for any two homogeneous matrices X and Y :
[X, Y ] ≡ XY − (−1)g(X)g(Y )Y X. (2.5)
Notice that if at least one of the two matrices X and Y is even, their bracket
[X, Y ] is a commutator while, on the contrary, if both X and Y are odd, [X, Y ] is
an anticommutator. Using the definition of the bracket given above, it is easy to
check that it satisfies a graded Jacobi identity:
(−1)g(X1)g(X3)[X1, [X2, X3]]+(−1)g(X2)g(X1)[X2, [X3, X1]]+
+(−1)g(X3)g(X2)[X3, [X1, X2]] = 0.
(2.6)
Furthermore, the Lie bracket (2.5) acts as a graded derivation, i.e. it satisfies the
identity
[X1X2, X3] = (−1)g(X2)g(X3)[X1, X3]X2 +X1[X2, X3]. (2.7)
Let us now define the matrices EAB as follows:
(EAB)CD = δACδBD. (2.8)
Obviously the set {EAB; 1 ≤ A,B ≤ 2N} constitute a basis for the space of
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2N × 2N matrices. Therefore any X ∈ gl(N,N) can be written as
X =
2N∑
A,B=1
XABEAB, (2.9)
where the XAB are the contravariant components of X with respect to the basis
{EAB}. From our previous definitions, the grade of a matrix EAB is given by
g(EAB) = g(A) + g(B). (2.10)
Notice that the EAB matrices with zero grade span the c-number part of gl(N,N),
whereas those with non-vanishing grade span (with odd Grassmann coefficients)
the odd part of gl(N,N). It is interesting to compute the generalized Lie brackets
among the EAB matrices. Using their explicit form in the definition of the bracket
(eq. (2.5)) it is straightforward to arrive at
[EAB, ECD] =
2N∑
P,Q=1
FPQAB,CDEPQ, (2.11)
where we have written the result in terms of the structure constants
FPQAB,CD = δAP δDQδBC − (−1)(g(A)+g(B))(g(C)+g(D))δCP δBQδAD. (2.12)
Although we have obtained the Lie brackets (2.11) from the explicit expression
for the matrix elements of EAB (eq. (2.8)), we can now regard eqs. (2.11) and
(2.12) as the definition of the abstract Lie superalgebra gl(N,N). The EAB are
the generators of this algebra, while their explicit form written down in eq. (2.8)
constitutes the defining (fundamental) representation of gl(N,N). From eq. (2.12)
we easily obtain the (anti)symmetry properties of the structure constants
FPQCD,AB =− (−1)(g(A)+g(B))(g(C)+g(D))FPQAB,CD
FPQAB,CD =− (−1)g(Q)+g(A)(−1)(g(A)+g(B))(g(P )+g(Q))FBAQP,CD.
(2.13)
These equations will be very useful in future calculations. For a matrix like (2.2)
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one can define the supertrace as follows:
Str(X) = Tr(B1)− Tr(B2) =
2N∑
A=1
(−1)g(A)XAA, (2.14)
where XAA are the diagonal contravariant components of X with respect to the
{EAB} basis (see eq. (2.9)). The supertrace (2.14) can be used to define the
Killing-Cartan bilinear form for gl(N,N). In complete analogy with what it is
done for ordinary Lie algebras, we define the following invariant bilinear form:
< X, Y >≡ Str(XY ), (2.15)
where X and Y are two matrices in the fundamental representation of gl(N,N).
The inner products of the elements of the {EAB} basis define the metric tensor:
GAB,CD ≡< EAB, ECD >= Str(EABECD). (2.16)
Using the explicit expressions of the matrix elements of the EAB matrices, one
immediately gets
GAB,CD = (−1)g(A)δADδBC . (2.17)
Notice that, contrary to what happens for ordinary Lie algebras, GAB,CD is not
symmetric. This has to be taken into account when performing explicit calcula-
tions. The inverse matrix of GAB,CD will be denoted by superindices. It satisfies
∑
C,D
GAB,CDG
CD,PQ =
∑
C,D
GAB,CDGCD,PQ = δAP δBQ. (2.18)
These two conditions are fulfilled by
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GAB,CD = (−1)g(B)δADδBC . (2.19)
Using the inverse metric tensor, we can obtain the quadratic Casimir operator of
the gl(N,N) algebra:
C1 =
∑
A,B,C,D
GAB,CDEABECD =
∑
A,B
(−1)g(B)EABEBA. (2.20)
From the fundamental Lie brackets (2.11) and the derivation property (2.7) one
can prove, after a short calculation, that the bracket of C1 with any element of the
algebra vanishes:
[C1, EAB] = 0. (2.21)
It is important to point out that (2.21) can be proved without using the explicit
expressions of the EAB matrices. Therefore (2.21) is valid for any representation
of the abstract Lie superalgebra. For the fundamental representation (2.8) C1
actually vanishes:
(C1)
Fundamental
AB = 0. (2.22)
The gl(N,N) superalgebra is not semisimple. It contains the element
∑
AEAA,
which has a vanishing bracket with all the generators (in the fundamental repre-
sentation this element is represented by the identity matrix). Due to this fact we
have a second quadratic Casimir:
C2 =
∑
A,B
EAAEBB. (2.23)
Again one easily proves using (2.7) that
[C2, EAB] = 0. (2.24)
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For the fundamental representation C2 is just the unit matrix,
(C2)
Fundamental
AB = δAB. (2.25)
Let us consider now the affine Kac-Moody superalgebra based on gl(N,N).
Our basic object will be an holomorphic current J(z) taking values in a gl(N,N)
algebra. The contravariant components JAB(z) of the currents are the coefficients
of the expansion of J(z) in terms of the {EAB} basis:
J(z) =
∑
A,B
JAB(z)EAB. (2.26)
Notice that, since J(z) takes values in gl(N,N), the components Ja,b(z) and
Ja+N,b+N (z) are bosonic (i.e. c-number valued) and, on the contrary, Ja,b+N (z)
and Ja+N,b(z) are fermionic (1 ≤ a, b ≤ N). The covariant components JAB(z)
are given by
JAB(z) = Str(J(z)EAB) = (−1)g(B)JBA(z), (2.27)
where in the last step we have made use of the explicit form of the metric tensor (see
eq. (2.17)). In order to define the affine Kac-Moody superalgebra it is convenient
to expand JAB(z) in a Laurent series around z = 0:
JAB(z) =
∑
n∈Z
JnABz
−n−1. (2.28)
The gl(N,N) current algebra is obtained by requiring the modes JnAB to satisfy
[JnAB, J
m
CD] = F
PQ
AB,CDJ
n+m
PQ + knδn+m,0GAB,CD, (2.29)
where FPQAB,CD are the structure constants (2.12) and the central extension has
been taken to be proportional to the metric tensor GAB,CD. In (2.29) k is a c-
number constant (the level of the algebra). An alternative way of defining the
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current algebra is obtained by giving the short-distance expansion of the product
of two arbitrary currents:
JAB(z)JCD(w) =
k
(z − w)2GAB,CD + F
PQ
AB,CD
JPQ(w)
z − w . (2.30)
As is well known in the framework of the radial quantization of two-dimensional
field theories, the operator product expansions (OPE) (2.30) are equivalent to the
brackets (2.29). We shall indistinctly use OPE’s or brackets as best suits our
convenience.
We can undertake now the construction of a two-dimensional conformal invari-
ant theory consistent with the gl(N,N) affine symmetry. This objective would
be accomplished if we were able to construct an energy-momentum tensor T such
that the currents JAB(z) transform as dimension-one primary fields. The natural
ansatz for T is the Sugawara construction, in which T is built up as a quadratic
expression in the currents. In order to unambiguously define these operators, in
which two or more fields evaluated at the same point are multiplied, we need to
adopt a normal ordering prescription. Suppose that A(z) and B(z) are two local
fields whose Laurent modes are An and Bn,
A(z) =
∑
n∈Z
Anz−n−∆A B(z) =
∑
n∈Z
Bnz−n−∆B , (2.31)
where ∆A and ∆B are the conformal weights of A(z) and B(z) respectively. All
the fields we shall encounter inside normal-ordered products will have integer con-
formal weights and, therefore, we shall assume that this condition is satisfied in
the equations that follow. The normal-ordered product of two arbitrary modes
: AnBm : is defined as
: AnBm : ≡
{
AnBm, if m ≥ 1−∆B
(−1)g(A)g(B)BmAn, if m < 1−∆B.
(2.32)
The modes (: AB :)n of the normal-ordered product of A and B are defined by the
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equation
: A(z)B(z) : ≡
∑
n∈Z
(: AB :)nz−n−∆A−∆B . (2.33)
Substituting the mode expansions of A(z) and B(z) in the left-hand side of (2.33)
and using (2.32) we get
(: AB :)n =
∞∑
p=1−∆B
An−pBp + (−1)g(A)g(B)
∞∑
p=∆B
B−pAn+p. (2.34)
It is important to point out that the order of fields inside a normal-ordered product
is relevant. Indeed, one has
(: AB :)n = (−1)g(A)g(B)(: BA :)n +
n+∆A−1∑
p=1−∆B
[An−p, Bp]. (2.35)
Notice that, apart from a sign, we get an extra contribution when we reverse the
order of the operators A and B inside : AB :. Let us examine the consequences of
eq. (2.35) when A and B have a bracket of the form
[An, Bm] = Dn+m + nkDδn+m,0, (2.36)
where D is an operator of conformal dimension ∆D, which is easily seen to be
∆A +∆B − 1, and kD is a constant number. Using (2.36) in eq. (2.35), we get
(: AB :)n = (−1)g(A)g(B)(: BA :)n − (∂D)n − ∆D
2
(∆A −∆B)kDδn,0 (2.37)
In eq. (2.37) we have introduced the derivative of the operator D, whose modes
are given by
(∂D)n = −(n+∆D)Dn. (2.38)
Notice that when ∆A = ∆B (which will be the case in most of our calculations), the
last term in the right-hand side of (2.37) disappears and only the term containing
∂D survives.
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When more than two fields are multiplied, the normal order is defined induc-
tively according to the rule
: An · · ·A1 :≡: (: (: · · · (: AnAn−1 :) · · · :)A2 :)A1) :, (2.39)
i.e., the product : An · · ·A1 : is considered as the product of : An · · ·A2 : with A1
and so on. A reordering formula like (2.37) can also be obtained for normal-ordered
products of more than two fields. Proceeding as we did to get eq. (2.37) and using
the prescription (2.39) one obtains
(: ABC :)n =(−1)g(A)g(B)(: BAC :)n − (∂DC)n − ∆D
2
(∆A −∆B)kDCn
(: CAB :)n =(−1)g(A)g(B)(: CBA :)n − (C∂D)n − ∆D
2
(∆A −∆B)CnkD,
(2.40)
where we have supposed that the bracket (2.36) still holds.
The obvious candidates to become the energy-momentum tensor of the theory
are the Sugawara bilinears constructed from the quadratic Casimir invariants of
the theory. As we have seen, the gl(N,N) algebra has two such Casimir invariants
and, therefore, we should consider the operators
T1 =
∑
A,B
(−1)g(B) : JABJBA :
T2 =
∑
A,B
: JAAJBB : .
(2.41)
In order to determine the precise combination of T1 and T2 that makes JAB a
primary field with conformal weight equal to one, we must compute the brackets
[T n1 , J
m
AB] and [T
n
2 , J
m
AB]. These brackets can be obtained from a general expression
that we shall now derive. Suppose we want to compute
[(: A1A2 :)
n, Am3 ], (2.42)
where A1, A2 and A3 are operators of dimensions ∆1, ∆2 and ∆3 whose Laurent
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modes have the brackets
[An1 , A
m
3 ] =A
n+m
13 + nk13δn+m,0
[An2 , A
m
3 ] =A
n+m
23 + nk23δn+m,0.
(2.43)
In (2.43) A13 and A23 are operators, whereas k13 and k23 are constants. Notice
that the brackets among the gl(N,N) currents are of the form displayed in eq.
(2.43). Using (2.35) together with the derivation property (eq.(2.7)), it is easy to
arrive at the result
[(: A1A2 :)
n, Am3 ] = (−1)g(A2)g(A3)((: A13A2 :)n+m −mk13An+m2 )+
+ (: A1A23 :)
n+m −mAn+m1 k23 −
m−∆2∑
j=1−∆23
[Am+n−j1 , A
j
23],
(2.44)
where ∆23 is the dimension of the operator A23. The last term in the right-hand
side of (2.44) originates when one tries to express the result in terms of normal-
ordered products. Using equations (2.44) and (2.29), we obtain after an easy
calculation
[T n1 , J
m
AB] = −2mkJn+mAB + 2m(−1)g(B)δAB
∑
C
Jn+mCC , (2.45)
where we have used the fact that
∑
A,B,C,D
(−1)g(B)FPQAB,CDFCDBA,RS = −2(−1)g(R)δPQδRS , (2.46)
which can be easily obtained from the explicit form of the structure constants (see
eq. (2.12)). Eq. (2.46) is nothing but the value of the quadratic Casimir C1 for the
adjoint representation. On the other hand eq. (2.45) implies that T1 does not act
diagonally on the gl(N,N) currents. Therefore it seems plausible that we should
15
also consider the operator T2. Again making use of (2.44), we obtain
[T n2 , J
m
AB] = −2mk(−1)g(B)δAB
∑
C
Jn+mCC . (2.47)
From a glance at the right-hand sides of eqs. (2.45) and (2.47) it is clear that we
can combine T1 and T2 in such a way that the non-diagonal terms disappear and
JAB becomes a dimension-one primary field. Let us define
T =
1
2k
T1 +
1
2k2
T2. (2.48)
From eqs. (2.45) and (2.47) we get
[T n, JmAB] = −mJn+mAB , (2.49)
i.e., JAB is indeed primary with respect to T .
The form of the energy-momentum tensor T displayed in eq. (2.48) generalizes
the result of Rozanski and Saleur [15], who have obtained a similar equation for
N = 1. As was pointed out in ref. [15], the second term in (2.48) can be regarded
as a quantum correction to the Sugawara tensor T1. Notice that in this case
we have obtained a 1
k2
contribution, instead of the usual k → k + cv shift that
appears, for example, in the SU(N) Wess-Zumino-Witten model —cv being the
quadratic Casimir in the adjoint representation. In our case the fact that k is not
shifted in T originates in the vanishing of the diagonal terms in (C2)
Adjoint (see eq.
(2.46)), which is due to an exact cancellation between the bosonic and fermionic
contributions in eq. (2.46).
We should also check that T n satisfies the Virasoro algebra. With this purpose
in mind, let us compute the bracket of T n with a general quadratic bilinear built up
with primary fields. Suppose that A(z) and B(z) are primary fields with conformal
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dimensions ∆A and ∆B respectively. Consider the bilinear operator
O(z) =: A(z)B(z) : . (2.50)
A calculation similar to the one that led to eq. (2.44) gives
[T n, Om] = [(∆A+∆B −1)n−m]On+m+
n−∆B∑
q=1−∆B
(q−n∆B)[An+m−q, Bq]. (2.51)
Notice that O(z) is a primary operator with conformal dimension ∆A + ∆B only
if the last term in the right-hand side of (2.51) vanishes. This is the case of T1 and
T2,
[T n, Tm1 ] = (n−m)T n+m1 [T n, Tm2 ] = (n−m)T n+m2 , (2.52)
which, in particular, implies that
[T n, Tm] = (n−m)T n+m. (2.53)
Therefore the energy-momentum tensor operator satisfies the Virasoro algebra
without central extension.
Moreover, it follows from eqs. (2.22) and (2.25) that a field transforming in the
fundamental representation of the current algebra has a conformal weight given by
∆Fundamental =
1
2k2
. (2.54)
Notice that only T2 contributes to (2.54). On the other hand, due to the non-
simplicity of the gl(N,N) superalgebra, a field transforming as an arbitrary repre-
sentation of the algebra is not in general a primary field of the Virasoro algebra.
This happens because, for this superalgebra, the quadratic Casimirs evaluated in
general representations are non-diagonal (the adjoint representation provides an
example where this phenomenon occurs, see eq. (2.46)).
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It is interesting to stress the reason why the Virasoro central charge c of our
theory vanishes. When one applies eq. (2.51) to obtain (2.52), it turns out that
there is an exact compensation between the conformal anomaly coming from the
bosonic currents and that originated from the fermionic ones. Actually, the confor-
mal field theory we are dealing with is non-unitary, since it has an indefinite metric
in its Fock space (see, for example, the signs appearing in the right-hand side of
(2.41)). Moreover, in a gl(N,N) current algebra there is an exact balance between
fermionic and bosonic degrees of freedom and, as a consequence, the central charge
of the Virasoro algebra vanishes. In fact, from the results obtained in ref. [27] it
follows that, for N > M , the gl(N,M) current superalgebra shares many proper-
ties with the gl(N −M) affine (bosonic) Lie algebra. It is thus clear that, when
N = M , we are dealing with a limiting case which requires a separate study. From
these considerations, one would expect the theory whose energy-momentum tensor
is given by (2.48) to be a topological field theory. This is indeed the case as we
shall show in the next section, where the nature of the theory we have constructed
will be explored in detail.
3. The topological algebra
In this section we aim at establishing the topological character of the conformal
field theory possessing the gl(N,N) current symmetry described in the previous
section. We would like to uncover the topological symmetry of our theory and
study its relation with the original gl(N,N) supersymmetry. By a topological field
theory we mean a theory in which there exists a nilpotent (i.e. fermionic), BRST-
type symmetry such that the energy-momentum tensor of the theory is BRST-
exact. The theory we have at hand enjoys an affine gl(N,N) symmetry and, in
particular, there exist fermionic nilpotent currents from which a topological BRST
symmetry fulfilling our requirements can be constructed. Let us see that this is
indeed the case. First of all we shall distinguish from now on between bosonic and
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fermionic currents. We introduce the following notations:
Ψab ≡Ja+N,b Λab ≡ Ja,b+N
Kab ≡Jab Lab ≡ Ja+N,b+N .
(3.1)
Notice that Ψab and Λab are fermionic (i.e. Grassmann odd) currents, whereas Kab
and Lab are bosonic fields. With these notations the general commutation relations
(eq. (2.29)) in the [boson,boson] sector take the form
[Knab, K
m
cd] =δbcK
n+m
ad − δadKn+mcb + knδbcδadδn+m,0
[Lnab, L
m
cd] =δbcL
n+m
ad − δadLn+mcb − knδbcδadδn+m,0
[Knab, L
m
cd] =0.
(3.2)
For the [fermion, fermion] case we have
[Ψnab,Ψ
m
cd] =[Λ
n
ab,Λ
m
cd] = 0
[Ψnab,Λ
m
cd] =δadK
n+m
cb + δbcL
n+m
ad − knδbcδadδn+m,0,
(3.3)
and finally the brackets involving both bosonic and fermionic currents are
[Ψnab, K
m
cd] =δbcΨ
n+m
ad [Ψ
n
ab, L
m
cd] = −δadΨn+mcb
[Λnab, K
m
cd] =− δadΛn+mcb [Λnab, Lmcd] = δbcΛn+mad .
(3.4)
It is also interesting to write down the energy-momentum tensor T in terms of our
component currents (3.1). The contribution T1 coming from the first quadratic
Casimir takes the form
T1 =
∑
a,b
: (KabKba − LabLba +ΨabΛba − ΛabΨba) : . (3.5)
Defining the current of the identity JE as
JE =
∑
a
(Kaa + Laa), (3.6)
T2 is simply given by
T2 =: JEJE : . (3.7)
It is important to point out that from eq. (3.3) it follows that the two fermionic
19
currents Ψab and Λab present in our algebra are nilpotent. We would like to define
a BRST current without any free index of the current algebra. The simplest way
of achieving this objective is to sum over the gl(N) diagonal components of one of
the fermionic currents. Suppose we define:
Q =
∑
a
Λaa. (3.8)
Of course, nothing essential would change if we had chosen the Ψ currents instead
of the Λ’s in the definition (3.8). Obviously we have
[Qn, Qm] = 0. (3.9)
Let us see that the current Q defined above serves our purposes. Using eqs. (3.3)
and (3.4) we easily obtain the brackets of Q with the currents:
[Qn, Kmab] =− Λn+mab [Qn, Lmab] = Λn+mab [Qn,Λnab] = 0
[Qn,Ψmab] =L
n+m
ab +K
n+m
ab + knδabδn+m,0.
(3.10)
We can use the zero-mode of Q to define a BRST cohomology operator δ. For any
field Φ we define δΦ as
δΦ = [Q0,Φ]. (3.11)
Taking the brackets (3.10) into account, the BRST variations of the currents are
δKab =− Λab
δLab =Λab
δΛab =0
δΨab =Kab + Lab.
(3.12)
Notice that the combination Kab + Lab of the bosonic currents is δ-exact. On the
other hand by a direct calculation using (3.12) and the graded derivation property
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of the bracket (eq.(2.7)) one can check that T1 and T2 are δ-invariant,
δT1 = 0 δT2 = 0, (3.13)
i.e. T1 and T2 are closed in the BRST cohomology defined by δ. Actually, as we
shall prove below, T1 and T2 (and thus the complete energy-momentum tensor)
are cohomologically exact. In order to verify this fact it is clear that we must find
fermionic operators whose BRST variations give T1 and T2. We would like to have
an expression of these odd partners of T1 and T2 in terms of the underlying currents
of the model. The natural way to proceed is to imitate the Sugawara construction
employed to obtain the energy-momentum tensor and consider operators that are
bilinear in the currents. Due to the fermionic character of the operators we are
looking for, it is clear that we must deal with products of a fermionic and a bosonic
current evaluated at the same point. After some trial and error, we easily arrive
at the desired result. In fact if we define
G1 =
∑
a,b
: (ΨabKba − LabΨba) :, (3.14)
it is easy to check that
δG1 = T1. (3.15)
In the same way, inspecting eqs. (3.12), (3.6) and (3.7), we conclude
T2 = δG2, (3.16)
with
G2 =
∑
a
: ΨaaJE : . (3.17)
Therefore if we define G as
G =
1
2k
G1 +
1
2k2
G2, (3.18)
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we have
T = δG, (3.19)
i.e. G is the odd partner of T we were looking for. Let us now verify that this
new fermionic field G is primary with respect to T with conformal weight equal to
two. This fact can be established by computing the bracket [T n, Gm]. Using our
general expression (2.51) for general bilinear operators, we immediately get
[T n, Gm] = (n−m)Gn+m, (3.20)
which proves the statement.
Once we have obtained the explicit form of G, we may ask ourselves what is the
algebra that G closes with T and Q. We shall refer to it as the topological algebra.
It is interesting to point out that eq. (3.19) only determines the bracket of the zero-
mode of Q with the Laurent modes of T . As we want to realize our topological
BRST symmetry as a local symmetry, we should worry about the general bracket
[Qn, Gm]. On general grounds we can write
[Qn, Gm] = T n+m + nRn+m +
d
2
m(m+ 1)δn+m,0, (3.21)
where d is a c-number and R is a dimension-one abelian current. Actually eq.
(3.21) is the bracket obtained when the N = 2 superconformal algebra is twisted
[9,11]. This twist consists in a redefinition of the energy-momentum tensor of the
superconformal theory by adding the derivative of the U(1) current R appearing
in the N = 2 superconformal algebra:
T = TN=2 +
1
2
∂R. (3.22)
After this redefinition eq. (3.21) is satisfied —Q and G being the two supersym-
metry currents of the initial theory. The Virasoro central charge for the twisted
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model vanishes and thus the redefined energy-momentum tensor satisfies (2.53).
Moreover, the c-number anomaly d appearing in the right-hand side of (3.21) is
related to the central charge of the untwisted theory as
d =
CN=2
3
. (3.23)
Other brackets obtained by twisting the N = 2 superconformal algebra are
[T n, Rm] =−mRn+m − d
2
n(n+ 1)δn+m,0
[T n, Qm] =−mQn+m
[Rn, Rm] =dnδn+m,0
[Rn, Gm] =−Gn+m
[Rn, Qm] =Qn+m.
(3.24)
Furthermore eq. (3.20) also holds. Actually, in the original superconformal theory,
both Q and G behave as primary fields of conformal dimension 32 . After the redefi-
nition (3.22), Q becomes a dimension-one operator, whereas G acquires conformal
weight 2. This different behaviour is due to the different R-charges of these two
operators (see eq. (3.24)).
The theory we arrive at by twisting is a model of topological matter. In case
we start with a conformal invariant sigma model, d is nothing but the dimension
of the target space in which the bosonic sector of the theory is embedded. For this
reason we shall call d from now on the dimension of the topological algebra. Let
us also recall [2] that, when topological matter is coupled to topological gravity,
the resulting theory reproduces many features of the matrix models that describe
non-critical strings.
In our gl(N,N) theory eqs. (3.21) and (3.24) are satisfied for d = 0, i.e.
dgl(N,N) = 0. (3.25)
In order to check (3.25) one has to use the explicit expressions of Q, G and T ,
together with the basic brackets (eqs. (3.2) – (3.4)) in our general equation for
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the brackets of an arbitrary bilinear operator (eq. (2.44)). In so doing, one also
obtains the explicit form of the R current, which turns out to be
R =
1
2
∑
a
(Kaa − Laa). (3.26)
It is important to emphasize that, in our approach, we do not have to perform a
modification of the supersymmetric theory we started with in order to obtain a
topological field theory, i.e. no twist is needed. Actually, as we shall now show, the
topological algebra of our gl(N,N) theory differs from the one obtained from the
N = 2 superconformal models. In fact the topological algebra of the former can be
regarded as an extension of the latter. The difference between these two algebras
shows up when computing the bracket [Gn, Gm], which vanishes in the twisted
N = 2 algebra. The calculation of this bracket in our case is rather involved, so let
us first give some of the intermediate steps, which will turn out to be very useful
in what follows; in fact these results are interesting by themselves. First of all
we compute the brackets among the odd companion G of the energy-momentum
tensor and the currents of the model, which can be obtained as particular cases of
our general equation (2.44). Since G is the sum of two contributions, we have to
consider brackets involving these two terms separately. First of all we write down
the brackets of G1 and the bosonic currents,
[Gn1 , K
m
ab] =Gn+m1,ab +mδab
∑
c
Ψn+mcc −mkΨn+mab
[Gn1 , L
m
ab] =− Gn+m1,ab −mδab
∑
c
Ψn+mcc −mkΨn+mab ,
(3.27)
where G1,ab is a fermionic bilinear operator given by
G1,ab =:
∑
c
(ΨacKcb − LacΨcb) : . (3.28)
In the same way, the brackets of G1 and the fermionic currents Ψ and Λ are given
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by
[Gn1 ,Ψ
m
ab] =0
[Gn1 ,Λ
m
ab] =T n+m1,ab + km(Kn+mab − Ln+mab )−mδabJn+mE ,
(3.29)
with
T1,ab =
∑
c
: (KacKcb − LacLcb +ΨacΛcb − ΛacΨcb) : . (3.30)
The brackets involving G2 are calculated in the same way, with the result
[Gn2 , K
m
ab] =Gn+m2,ab −mkδab
∑
c
Ψn+mcc
[Gn2 , L
m
ab] =− Gn+m2,ab +mkδab
∑
c
Ψn+mcc
[Gn2 ,Ψ
m
ab] =0
[Gn2 ,Λ
m
ab] =T n+m2,ab +mkδabJn+mE ,
(3.31)
where now G2,ab and T2,ab are given by
G2,ab = : ΨabJE :
T2,ab = : (Kab + Lab)JE : .
(3.32)
Notice that Gi =
∑
a,b Gi,ab and Ti =
∑
a,b Ti,ab, for i = 1, 2.
Using the basic results (3.27), (3.29) and (3.31) we can obtain the brackets
between the different terms of G. After some calculations we get
[Gn1 , G
m
1 ] =2
∑
a,b
(: G1,abΨba : + : Ψaa∂Ψbb :)n+m
[Gn1 , G
m
2 ] =[G
n
2 , G
m
1 ] = 2k
∑
a,b
(: ∂ΨaaΨbb :)
n+m
[Gn2 , G
m
2 ] =0.
(3.33)
In order to get (3.33) one has to pursue the same steps we followed to obtain eq.
(2.44). Notice that this last equation is not applicable here, since the brackets
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(3.27), (3.29) and (3.31) are not of the form displayed in eq. (2.43). Taking eq.
(3.28) into account, we arrive at
[Gn, Gm] = W n+m, (3.34)
where W is a bosonic operator, trilinear in the currents, whose explicit expression
is
W =
1
2k2
: Tr(G1Ψ) : + 1
2k2
: Tr∂ΨTrΨ : . (3.35)
In eq. (3.35) we have used a trace notation to represent the double gl(N,N)
summation of eq. (3.33); this notation simplifies our equations greatly and will be
frequently used from now on.
As was announced above, W does not vanish in general. Notice that W is a
spin-three operator which, as we shall show below, behaves as a Virasoro primary
field. The presence of this W operator in the right-hand side of (3.34) will force us
to extend the topological algebra. In this extended algebra one should include the
brackets ofW with all other generators (i.e. with Q, R, T and G). In principle this
process will introduce new fields and there is no guarantee that the algebra will
close with a finite number of generators. A priori, this situation is similar to the one
presented when one analyses W -algebras which, in general, only close with a finite
number of fields if they are non-linear. However, in our case, the situation is quite
different. We shall check below that, in order to close the algebra, we will need to
introduce just one additional operator (a BRST partner of W ) and nevertheless
the algebra will remain linear. Before launching into the calculations supporting
this conclusion, let us study in what cases W is not identically zero. Having this
purpose in mind, we shall reorder W using the rules developed in the previous
section. The basic idea consists in getting the fermionic currents appearing in the
trilinear expression of W to contiguous places; in so doing, we shall be able to use
in some cases the nilpotency of these currents to conclude the vanishing of the
corresponding contribution to W . Using (2.40) we can rewrite the first term of eq.
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(3.35) as :
: Tr(G1Ψ) :=
∑
a,b,c
: (ΨacKcbΨba − LacΨcbΨba) : . (3.36)
Let us now reorder the first term in the right-hand side of (3.36) using the general
equation (2.40). Taking the bracket of K and Ψ displayed in eq. (3.4) into account,
we can readily write:
∑
a,b,c
: ΨacKcbΨba := −
∑
a,b,c
: KabΨbcΨca : −N
∑
a,b
: ∂ΨabΨba : . (3.37)
This result can be plugged back in eq. (3.36), after which we get
W = − 1
2k2
: Tr[(K + L)ΨΨ] : +
1
2k2
: [Tr∂ΨTrΨ−NTr(∂ΨΨ)] : . (3.38)
This reordered expression shows that W vanishes in the gl(1, 1) theory. Indeed, in
this case we only have a single Ψ current and therefore we can eliminate the trace
operation appearing in (3.38). For N = 1, due to the nilpotency of Ψ, the first term
in the right-hand side of (3.38) vanishes, while the other two terms cancel with each
other. Thus, only for gl(N,N) with N > 1 do we really have a topological algebra
extended by a dimension-three operator. Let us now come back to the general case.
An important piece of information is obtained by computing the BRST variation of
W . Concentrating on the first term in (3.35), which is proportional to : Tr(G1Ψ) :
and using the BRST variation of the currents (eq. (3.12)), we get
δTr(: G1Ψ :) =: Tr[T1Ψ− G1(K + L)] : . (3.39)
Freely reordering the fields in the right-hand side of eq. (3.39) we get a complete
cancellation of all the terms trilinear in the currents. However, we know that
with this reordering we generate (as in eq. (2.40)) bilinear terms containing the
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derivatives of the fields. In our case we are left with
δTr(: G1Ψ :) =− : Tr(∂K + ∂L)TrΨ : + : Tr∂ΨTr(K + L) : =
=− δ(Tr : ∂ΨΨ :),
(3.40)
where in the last step we have used eq. (3.12) again to express the result as a
total δ-variation. Comparing eq. (3.40) with the expression of W (eq. (3.38)), we
conclude that W is δ-closed, namely,
δW = 0. (3.41)
Remarkably W is also δ-exact. It is easy to guess the expression whose BRST
variation gives W . For this purpose eq. (3.38) is very illustrative. Consider the
first term in this expression. Given that δΨ = K+L, one is led to suppose that δΨ3
is proportional to W and that the last two terms in (3.38) containing derivatives
of Ψ will originate as the result of the change of order of the fields inside the
normal-ordered product. That this is indeed the case can be checked by a direct
calculation that we now describe. Using (3.12) we get
δTr(: Ψ3 :) =: Tr[(K + L)ΨΨ−Ψ(K + L)Ψ + ΨΨ(K + L)] : . (3.42)
The three terms in eq. (3.42) have the same structure. If we try to convert the
second and third term into the first one (which has the order appearing in the
expression of W ) we generate derivative terms terms as follows:
1
3
δTr(: Ψ3 :) =: Tr[(K + L)ΨΨ] : − : Tr∂ΨTrΨ : +N : Tr(∂ΨΨ) : . (3.43)
Comparing eqs. (3.43) and (3.38), it is evident that upon defining the fermionic
operator V as
V ≡ − 1
6k2
Tr(: Ψ3 :), (3.44)
one has
W = δV, (3.45)
which is the desired result. Notice that for gl(1, 1) current algebras V vanishes
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identically, which is consistent with the fact that W is also zero in this case.
One might wonder if there is a redefinition of T , G, and R such that the algebra
they close is just the twisted N = 2 superconformal algebra, i.e., such that G is
nilpotent and W can be set to zero. In other words, we are asking ourselves to
what extent is it unavoidable to deal with the extended algebra instead of the
usual (non-extended) one. We could try, for example, to exploit the fact that the
choice for the BRST partner of T is not unique. Indeed, we could add to G a
BRST variation of a dimension-two bosonic operator. It is easy to convince oneself
that, if we want to keep the expressions for our generators local in the currents,
then there is only one possibility for G (i.e. the one we have chosen in eq. (3.18)).
As our Q-symmetry carries R-charge +1 and G must have R-charge −1 in the
topological algebra (see eq. (3.24)), we need a dimension-two bosonic operator
with R-charge equal to −2 in order to preserve the R-symmetry. Moreover, we can
only add sl(N) singlet operators to G. Taken the fact that the bosonic currents
K and L have vanishing R-charge, and that the Λ’s possess R-charge equal to +1,
we are forced to consider operators constructed with two Ψ currents. So the only
possible terms satisfying all the above conditions and whose δ-variations can be
added to G are of the form Tr(Ψ2) and Tr(Ψ)Tr(Ψ), which vanish identically due
to eq. (3.3).
By inspecting eqs. (3.19) and (3.45) one immediately notices a clear paral-
lelism. Inspired by this analogy one could be led to think that the implementation
of eq. (3.45) by means of the local current Q(z) would oblige us to consider new
operators, which would show up when V is anticommuted with the non-zero modes
of Q. Fortunately this is not the case, as we are now going to establish, and our
extended topological algebra closes with the only addition of W and its BRST
partner V to the generators T , G, R, and Q of the twisted N = 2 superconformal
algebra.
As we have an explicit representation of the operators in terms of the gl(N,N)
currents, we can compute the brackets involving V and W directly. However in
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some cases this direct calculation is rather long and tedious. Fortunately the same
result can be obtained in a much simpler way by exploiting consistency conditions
of the brackets already obtained explicitly. The fact that in the bracket of G
with itself only one operator (i.e. W ) appears is crucial in order to solve these
consistency conditions. The generalized Jacobi identity (2.6) will become the basic
tool in this approach. For example, if we calculate the bracket of Qr with both
sides of eq.(3.34) and apply (2.6), we obtain
[Qr,W n+m] = −[Gn, [Gm, Qr]]− [Gm, [Qr, Gn]]. (3.46)
After making use of eqs. (3.21), (3.20) and (3.24) in the right-hand side of (3.46)
we arrive at
[Qr,W n] = 0, (3.47)
which generalizes eq. (3.41).
In the same way we can prove thatW is a Virasoro primary field with conformal
dimension three. We start by computing the bracket of T r with both sides of eq.
(3.34). Using again the Jacobi identity and the Virasoro primary character of G
(eq. (3.20)) we get
[T r,W n+m] =− [Gn, [Gm, T r]] + [Gm, [T r, Gn]] =
=(r −m)[Gn, Gm+r] + (r − n)[Gm, Gn+r],
(3.48)
which, after using (3.34) again, yields the desired result:
[T r,W n] = (2r − n)W r+n. (3.49)
Let us now study the behaviour of W under the R-symmetry. Computing the
bracket of R with eq. (3.34) and proceeding as above we obtain:
[Rr,W n+m] = −[Gn, Gm+r]− [Gm, Gn+r]. (3.50)
If we now take the basic eq. (3.34) into account, we see that W has charge −2
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with respect to the abelian current R:
[Rr,W n] = −2W r+n, (3.51)
On the other hand from (2.6) we have
[Qr, [Gn,Wm]] = [Gn, [Wm, Qr]]− [Wm, [Qr, Gn]], (3.52)
and using eqs. (3.47), (3.21), (3.49) and (3.51) we get:
[Qr, [Gn,Wm]] = (2n−m)W n+m+r. (3.53)
Putting r = 0 in (3.53) we obtain the BRST variation of [Gn,Wm]
δ([Gn,Wm]) = (2n−m)W n+m. (3.54)
Comparing this last equation with (3.45) one is tempted to write
[Gn,Wm] = (2n−m)V n+m. (3.55)
This equation actually holds as we shall prove below using an independent argu-
ment. Let us assume for a moment that eq. (3.55) is satisfied and see what the
consequences are. Substituting back this result into (3.53) we get:
[Qr, V n] = W r+n. (3.56)
It is instructive to compare this last equation with eq. (3.21) relating the energy-
momentum tensor to its BRST partner. As was stated previously, contrary to what
happens with T and G, the relation between W and its fermionic counterpart V
does not involve any new operator.
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There are still several other brackets which we have to compute in order to
completely check the closure of the topological algebra. First of all, some of them
can be shown to vanish by a simple inspection of their explicit form. For example,
taking into account that Ψ anticommutes with itself and that
[Gn1,ab,Ψmcd] = 0, (3.57)
we can write
[V r, V n] =0
[V r,W n] =0
[Gr, V n] =0,
(3.58)
where in order to prove the last equality we must use eqs. (3.29) and (3.31).
Moreover it is a straightforward consequence of our general equation (2.51) that
[T r, V n] = (2r − n)V r+n, (3.59)
i.e., V is a dimension-three primary field.
Let us now give the promised proof of eq. (3.55). First of all, using eqs. (3.19)
and (3.45) we have
δ([Gr, V n]) = [T r, V n]− [Gr,W n]. (3.60)
By virtue of the last equation in (3.58), the left-hand side of (3.60) vanishes.
The primary character of V with respect to T (eq. (3.59)) is easily seen to imply
(3.55). Now, using eqs. (3.41) and (3.45) it follows that
δ([V r,W n]) = [W r,W n]. (3.61)
And, after using the second equation in (3.58), we conclude that
[W r,W n] = 0. (3.62)
In order to complete the algebra it remains to compute the bracket of R with
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V . The Jacobi identity implies:
[Rr, [Gn,Wm]] = −[Gn, [Wm, Rr]]− [Wm, [Rr, Gn]]. (3.63)
As G and W have R-charges −1 and −2 (see eqs. (3.24) and (3.51)) it follows that
[Rr, [Gn,Wm]] = −2[Gn,Wm+r] + [Wm, Gn+r]. (3.64)
Using (3.55) in both sides of (3.64) one readily concludes that
[Rr, V n] = −3V r+n, (3.65)
i.e., V has R-charge equal to −3. This bracket completes the set of relations
defining the extended topological algebra. We have gathered all the brackets we
have obtained in Appendix A, where we have written the form of the algebra for
arbitrary dimension d. Up to now, we have obtained a representation for d = 0 only.
In the next section we shall see that there exists a modification of the generators
giving rise to a d 6= 0 extended algebra.
As was mentioned in section 1, the extended topological algebra we have found
has been previously studied by Kazama [17], who characterized algebraically some
non-trivial extensions of the twisted N = 2 superconformal algebra. The algebra
compiled in Appendix A was obtained form a truncation of a larger algebra in
which there are two extra operators, one fermionic and the other bosonic, of di-
mensions zero and one respectively. This larger extended algebra is satisfied by the
bc system studied by Distler [18], which is relevant in two-dimensional quantum
gravity. Nevertheless, as far as we know, an explicit representation of the algebra
displayed in Appendix A was not known.
To summarize, in this section we have been able to obtain the algebra encoding
the topological symmetry of our gl(N,N) theory. The generators of this algebra
have dimensions 1, 2, and 3 and have been represented as normal-ordered products
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of currents. Only for the gl(1, 1) case does our model possess a twisted N = 2
superconformal algebra. In general we have to deal with an extended topological
algebra, which has the important property of closing with a set of gl(N) bosonic
and fermionic currents. This last question will be further explored in the next
section.
4. The topological current algebra and d 6= 0 extensions
Let us now discuss the relation of our topological algebra with the underlying
current algebra from which the former has been obtained. The brackets of T and
the different currents are fixed by the fact that the JAB are primary dimension-
one operators (see eq. (2.49)). It would therefore seem natural to expect the
(anti)commutator of G with the currents to be given by an odd analogue of eq.
(2.49). However this is not the case, as can be verified by combining eqs. (3.27),
(3.29) and (3.31). One has
[Gn, Kmab] =Gn+mab −
m
2
Ψn+mab
[Gn, Lmab] =− Gn+mab −
m
2
Ψn+mab
[Gn,Ψmab] =0
[Gn,Λmab] =T n+mab +
m
2
(Kn+mab − Ln+mab ),
(4.1)
where
Gab = 1
2k
G1,ab + 1
2k2
G2,ab
Tab = 1
2k
T1,ab + 1
2k2
T2,ab.
(4.2)
Therefore we conclude that, contrary to what happens with T , the algebra of its
topological partner G and the currents does not close, since new dimension-two
operators (Gab and Tab ) appear in the right-hand side of (4.1). These new fields
have to be introduced in the algebra and when this is done we get a proliferation
of additional operators. Performing a similar calculation with V and W we would
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reach an equivalent conclusion. For example the bracket [W,Lab] gives rise to new
dimension-three operators. Quite remarkably, however, there is a subset of currents
that closes with the extended topological algebra without introducing new fields.
Consider first of all the bosonic currents. By inspecting (4.1) one readily realizes
that the diagonal combination
Jab ≡ Kab + Lab (4.3)
satisfies
[Gn,Jmab ] = −mΨn+mab , (4.4)
which is indeed the odd analogue of
[T n,Jmab ] = −mJ n+mab . (4.5)
Thus G closes with half the bosonic currents. The situation for the fermionic ones
is much simpler. It is evident that G closes with the Ψ’s only. Recall (see eq.
(3.12)) that the Ψ’s are the fermionic partners of the J ’s. In fact using (3.10) we
can write
[Qn,Ψmab] =J n+mab + knδabδn+m,0
[Qn,Jmab ] =0.
(4.6)
Eq. (4.6) relating Ψ to its BRST partner J has a close resemblance to eq. (3.21)
relating Q and T . This similarity is reinforced when one looks at the algebra closed
by J and Ψ:
[J nab,Jmcd ] =δbcJ n+mad − δadJ n+mcb
[Ψnab,Jmcd ] =δbcΨn+mad − δadΨn+mcb
[Ψnab,Ψ
m
cd] =0.
(4.7)
Notice that no central extension appears in (4.7). In fact the first bracket in (4.7)
is the basic commutator of an affine, zero level, gl(N) current algebra. We can
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summarize the situation as follows: (G, T ) and (Ψ,J ) are topological doublets of
operators with dimensions two and one respectively. In both cases the two members
of this topological multiplet close an algebra without any central element. However
a c-number anomaly is obtained when the current of the topological symmetry is
anticommuted with the fermionic member of the doublet (of course, in the case
of the dimension-two doublet (G, T ), the abelian current R is also obtained when
Q acts on G). Based on this similarity, if a system is endowed with bosonic and
fermionic currents satisfying relations like eqs. (4.6) and (4.7), we will say that
it possesses a topological current algebra, in the same sense that the algebra in
Appendix A is the topological version of the Virasoro algebra. This type of algebras
are present in other topological theories. This fact is illustrated in Appendix B,
where an sl(2) WZW model at zero level is studied as a topological field theory
[28].
For completeness we should compute the bracket of all the generators appearing
in the topological algebra with the currents. An easy calculation gives how J and
Ψ behave under the R symmetry:
[Rn,Jmab ] =knδabδn+m,0
[Rn,Ψmab] =−Ψn+mab .
(4.8)
Finally, by simple inspection we get:
[W n,Ψmab] = [V
n,Ψmab] = 0. (4.9)
Performing a δ-variation of this equation and using eqs. (3.41), (3.45) and (3.12)
one obtains
[W n,Jmab ] = [V n,Jmab ] = 0. (4.10)
Altogether eqs. (4.4)– (4.10) imply that our conformal topological algebra is com-
patible with the gl(N) topological current algebra generated by Jab and Ψab.
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As was proved above, our gl(N,N) theory satisfies the extended topological
algebra with the parameter d equal to zero (see eq. (3.25)). Let us ask ourselves if it
is possible to modify the theory in such a way that it continues to be topological but
the parameter d does not vanish. In other words, we would like to find out whether
or not there are marginal directions (in the moduli space of topological theories to
which our model belongs) such that one can move away from the d = 0 point. With
this objective in mind, notice that we can deform our energy-momentum tensor by
adding a two-dimensional term that preserves its BRST-exactness. Indeed, due to
the last equality in eq. (3.12), it follows that for any c-number constant matrix
αab, the transformation
T → T +
∑
a,b
αab∂Jab (4.11)
keeps the operator T δ-exact. Moreover the transformed operator T satisfies the
extended topological algebra if G and R are modified as
G→ G +
∑
a,b
αab∂Ψab
R→ R +
∑
a,b
αabJab
(4.12)
and the spin-three operators V and W remain unchanged. It is important to stress
the fact that, under the transformations (4.11) and (4.12), the algebra retains
its form, the only modification introduced being the change of the parameter d
(see below). In terms of modes, the twist performed in eqs. (4.11) and (4.12) is
equivalent to
T n → T n − (n + 1)
∑
a,b
αabJ nab
Gn → Gn − (n + 1)
∑
a,b
αabΨ
n
ab
Rn → Rn +
∑
a,b
αabJ nab.
(4.13)
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The dimension of the modified algebra now becomes
d = 2kTr(α). (4.14)
Therefore, in principle we have (at least) N2 possible modular parameters in the
space of topological theories related to our original gl(N,N) model. This number
of parameters is drastically reduced if we require to our twisted theory to possess a
current algebra symmetry. Consider first the bosonic currents. An easy calculation
shows that the commutators of the modified operator T with K and L are given
by
[T n, Kmab] =−mKn+mab + (n + 1)
(∑
c
(αbcK
n+m
ac − αcaKn+mcb )− knαbaδn+m,0
)
[T n, Lmab] =−mLn+mab + (n+ 1)
(∑
c
(αbcL
n+m
ac − αcaLn+mcb ) + knαbaδn+m,0
)
.
(4.15)
In view of this result it is clear that the only chance to have a gl(N) current
algebra is by requiring the second term in the right-hand side of (4.15) to vanish.
In general this only takes place when the matrix α is proportional to the unit
matrix. Accordingly let us write
αab = αδab. (4.16)
With this restriction we immediately obtain from (4.15) that the currents J ap-
pearing in the topological current algebra are primary dimension-one operators for
the twisted energy-momentum operator. However the combinations Kab − Lab of
the bosonic currents pick up an anomaly which is proportional to the dimension
d of the algebra. According to eq. (4.14) this parameter d is now equal to 2kα.
A straightforward calculation shows that when eq. (4.16) holds, the Ψab are also
primary and eq. (4.4)–(4.10) are satisfied. Therefore the only remaining variable
α parametrizes a line in the moduli space of conformal topological theories, such
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that all models contained in this line enjoy the gl(N) topological current algebra
described above. From this viewpoint α = 0 corresponds to a model in which this
symmetry is enhanced and we have a full set of gl(N,N) conserved currents. Notice
that, when αab has the form displayed in eq. (4.16), T , R and G are twisted along
the direction of the unit of the gl(N) algebra (see eqs. (4.11) and (4.12)). In order
to fix this deformation parameter α, one needs to impose further requirements. For
example, for the gl(1, 1) model, the standard minimal topological matter [29] with
dimension nn+2 , n being an arbitrary integer, is obtained by putting α =
n
2k(n+2) .
In the next section we shall check, using a free field representation, that in this
case our theory is equivalent to a twisted N = 2 minimal superconformal model.
In the general gl(N,N) case a criterion to fix α is lacking.
As pointed out by Kazama [17], a hint to understand the nature of our ex-
tended topological algebra is provided by the observation that it can be obtained
by twisting an N = 1 superconformal model in which extra supermultiplets are
present. In order to check this point, let us define the twisted energy-momentum
tensor T˜ as follows:
T˜ = T − 1
2
∂R. (4.17)
Notice that this twist is performed along a U(1) direction orthogonal to the identity
current JE , which corresponds to the twist (4.11) when the eq. (4.16) is imposed.
Another difference between (4.11) and (4.17) is that in this latter case there is no
free parameter. It is an easy exercise to prove that the modes of the operator T˜
satisfy the commutation relations
[T˜ n, T˜m] = (n−m)T˜ n+m + d
4
n(n2 − 1)δm+n,0, (4.18)
which correspond to a central charge
c = 3d. (4.19)
The coefficient in the second term of (4.17) has been chosen in such a way that,
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with respect to the modified tensor T˜ , the U(1) current R becomes a primary
dimension-one operator. Let us define the following operators:
G˜n =Gn−
1
2 Q˜n = Qn+
1
2
V˜ n =V n−
3
2 W˜ n = W n−1.
(4.20)
It is easy to check that G˜n, Q˜n and V˜ n are the Laurent modes of dimension-32
primary fields, whereas W˜ n corresponds to a dimension-2 Virasoro primary. Thus
the deformation (4.17) changes the dimensions of the operators appearing in our
algebra. Moreover we can find a linear combination of the dimension-32 fields
mentioned above such that behaves as supercurrent. Indeed if we define
G˜n = Q˜n + G˜n − 1
2
V˜ n, (4.21)
we can immediately check using the brackets of Appendix A that
[G˜n, G˜m] = 2T˜ n+m + d(n2 − 1
4
)δm+n,0, (4.22)
which corresponds to the anticommutator among the modes of the supercurrent of
anN = 1 superconformal algebra. It is easy to verify that the other fields appearing
in the topological algebra can be accommodated intoN = 1 supermultiplets. Recall
that such multiplets are composed by two fields (A,B) in such a way that they are
connected by the supercurrent. In fact if ∆A and ∆B are the conformal dimensions
of the fields A and B (∆B = ∆A +
1
2) one has
[G˜n, Am] =Bn+m
[G˜n, Bm] =((2∆A − 1)n−m)An+m.
(4.23)
Two of such supermultiplets can be formed. First of all, if we define
S = −Q˜ + G˜− 3
2
V˜ , (4.24)
it can be checked after a short calculation that S is the supersymmetric companion
of the U(1) current R, i.e., (R, S) behave as in eq. (4.23) with ∆A = 1. The two
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remaining fields V˜ and W˜ are the components of the multiplet (V˜ , W˜ ) which satisfy
eq.(4.24) with conformal weight 32 .
5. The GL(N,N) Wess-Zumino-Witten model and free fields
In this section we shall study a two-dimensional field theory possessing a
gl(N,N) current algebra. This model is nothing but a Wess-Zumino-Witten
(WZW) model for the GL(N,N) supergroup. Our basic variable will now be a
function g taking values in GL(N,N). As is well known, in a vicinity of the unit,
g can be represented locally as the exponential of an element of the gl(N,N) alge-
bra. Let us introduce complex coordinates for our two-dimensional base manifold
according to the conventions:
z = x+ iy ∂ =
1
2
(∂x − i∂y)
z¯ = x− iy ∂¯ = 1
2
(∂x + i∂y),
(5.1)
where x and y are arbitrary real coordinates. The action for the WZW model is
given by [20]
S[g] = kΓ[g] =
k
2π
∫
d2xStr(g−1∂gg−1∂¯g)+
+
ik
12π
∫
d3xǫµνρStr(g−1∂µgg
−1∂νgg
−1∂ρg),
(5.2)
where k is a c-number constant (the level of the current algebra) and, as is well
known, the three-dimensional integral appearing in the right-hand side of (5.2) is
taken over a manifold whose boundary is our two-dimensional base manifold. The
functional Γ defined in (5.2) satisfies the remarkable Polyakov-Wiegmann (PW)
cocycle property [30]:
Γ[gh] = Γ[g] + Γ[h] +
1
π
∫
d2xStr(g−1∂¯g∂hh−1). (5.3)
This equation can be demonstrated by a direct calculation. The only difference
between the proof of the PW property for groups and supergroups is that, in the
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latter case, we have to deal with supertraces instead of ordinary traces. As the
supertrace of elements of GL(N,N) satisfies the cyclic property, eq. (5.3) can be
obtained following the same steps as in the case of ordinary groups.
One of the main advantages of working with an explicit representation like the
one based on the action (5.2) is that one can convert the model into a theory of free
fields. The standard procedure to achieve this objective has been described in ref
[21]. The first step consists in using a gaussian representation of the (super)group
variable. Any element of GL(N,N) can be decomposed as
g = g
L
g
D
g
U
=
(
1 0
λ 1
)(
α 0
0 β
)(
1 χ
0 1
)
, (5.4)
where we have used an N×N block notation in which α and β (χ and λ) are N×N
bosonic (respectively fermionic) matrices. Using the PW property (eq. (5.3)) we
can readily write the action S in terms of the variables introduced in (5.4):
S[g] = kγ[α]− kγ[β]− k
π
∫
d2xTr(α∂χβ−1∂¯λ), (5.5)
where γ is the general WZW functional for the gl(N) group, whose explicit expres-
sion can be obtained by replacing supertrace by trace in eq. (5.2). The currents
implementing the gl(N,N) Kac-Moody symmetry are given by Witten’s bosoniza-
tion formula. Concentrating only on the holomorphic part of the algebra we have:
J = −k∂gg−1. (5.6)
The different contravariant components of the current can be read from the
matrix elements of J as follows (see eq. (2.26)):
J =
(
Jab Ja,b+N
Ja+N,b Ja+N,b+N
)
. (5.7)
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Substituting the gaussian decomposition (5.4) in eq. (5.6) we obtain:
Jab = k(α∂χβ−1λ− ∂αα−1)ab
Ja,b+N = − k(α∂χβ−1)ab
Ja+N,b = k(λα∂χβ−1λ− λ∂αα−1 + ∂ββ−1λ− ∂λ)ab
Ja+N,b+N = − k(λα∂χβ−1 + ∂ββ−1)ab.
(5.8)
The action (5.5) and the current components (5.8) are greatly simplified in terms
of the fermionic variables
ξab =λ
ba
ηab =k(α∂χβ
−1)ba.
(5.9)
In fact the fermionic part of the action S takes a free-field form
S[g] = kγ[α]− kγ[β]− 1
π
∫
d2xTr(η∂¯ξ). (5.10)
Notice that the operator product expansion (OPE) between η and ξ that follows
from (5.10) is simply
ηab(z)ξcd(w) = −δadδbc
z − w. (5.11)
The bosonic gl(N) currents corresponding to the α and β variables appearing in
(5.10) are
j
(α)
ab = −k(∂αα−1)ba j
(β)
ab = k(∂ββ
−1)ba. (5.12)
In terms of the free fermionic fields η, ξ and the currents (5.12), the different
components of J simplify greatly. First of all, using eqs. (2.27) and (3.1), we can
write
Kab =Jab = J
ba
Lab =Ja+N,b+N = −Jb+N,a+N
Ψab =Ja+N,b = J
b,a+N
Λab =Ja,b+N = −Jb+N,a,
(5.13)
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and, taking eqs. (5.8),(5.9) and (5.12) into account, one gets:
Kab =− (ξη)ab + j(α)ab
Lab =− (ηξ)ab + j(β)ab
Ψab =− ηab
Λab = (ξηξ)ab − (j(α)ξ)ab − (ξj(β))ab + k∂ξab.
(5.14)
Up to now, we have treated our fields as classical objects. In a quantum theory,
however, a change of variables as the one written down in eq. (5.9) should be
accompanied by the corresponding Jacobian, which is a functional determinant that
takes the change in the measure of the corresponding path integral into account.
These quantum corrections can introduce additional terms in the naive effective
action (5.10), which can change the propagators and couplings of the theory and,
therefore, the corresponding OPE’s between the different operators. On the other
hand [21] the free-field expression of the currents can also be affected by these
quantum corrections, since extra terms can originate from the regularization of
singular operator products in eq. (5.8). We will not attempt to compute this
functional determinant. Instead we are going to check whether or not the currents
(5.14) satisfy the OPE’s of the gl(N,N) affine algebra at level k. We shall see that
this is not the case if the OPE’s dictated from the classical action (5.10) are used.
Therefore, we must allow for a slight modification of these basic OPE’s in order
to have a representation of the gl(N,N) Kac-Moody algebra. For example, the
bosonic gl(N) currents j(α) and j(β) must satisfy the OPE’s
j
(α)
ab (z)j
(α)
cd (w) =
kαδadδbc
(z − w)2 +
1
z − w [δbcj
(α)
ad (w)− δadj
(α)
cb (w)]
j
(β)
ab (z)j
(β)
cd (w) =
kβδadδbc
(z − w)2 +
1
z − w [δbcj
(β)
ad (w)− δadj
(β)
cb (w)],
(5.15)
where we have allowed for a finite renormalization of the levels. These constants
kα and kβ can be determined from the products of two bosonic gl(N,N) currents.
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Performing a direct calculation using the free-field representation (5.14) and the
operator products (5.11) and (5.15) we get:
Kab(z)Kcd(w) =
(kα +N)δadδbc
(z − w)2 +
1
z − w [δbcKad(w)− δadKcb(w)]
Lab(z)Lcd(w) =
(kβ +N)δadδbc
(z − w)2 +
1
z − w [δbcLad(w)− δadLcb(w)].
(5.16)
Comparing the right-hand side of (5.16) with eq. (3.2) we can determine the
unknown constants kα and kβ:
kα = k −N kβ = −k −N. (5.17)
Notice that the gl(N) levels of j(α) and j(β) are renormalized by the same quantity
(N) with respect to the values (k and −k respectively) dictated by the classical
action (5.10). At the classical level j(α) and j(β) are uncoupled. However it is
natural to suppose that the jacobian of the change of variables (5.9) could induce
terms that couple these two currents in the quantum effective action. Actually this
coupling is needed in order to reproduce the gl(N,N) current algebra with our our
free-field representation. If we compute the OPE of K and L we get
Kab(z)Lcd(w) = − δabδcd
(z − w)2 + j
(α)
ab (z)j
(β)
cd (w), (5.18)
and therefore in order to get a vanishing result (as in (3.2)) we need to impose
j
(α)
ab (z)j
(β)
cd (w) =
δabδcd
(z − w)2 . (5.19)
Notice the different index structure of the double pole in eqs. (5.19) and (5.15).
In this last equation, the coefficient of the 1(z−w)2 term is proportional to the
gl(N) Cartan-Killing form, whereas in (5.19) the coupling only affects the abelian
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subalgebra of gl(N) (see below). We can now compute the singular terms in the
product expansion of fermionic and bosonic currents with the result
Ψab(z)Kcd(w) =
δbc
z − wΨad(w)
Ψab(z)Lcd(w) =− δad
z − wΨcb(w)
Λab(z)Kcd(w) =− δad
z − wΛcb(w)
Λab(z)Lcd(w) =
δbc
z − wΛad(w).
(5.20)
Eq. (5.20) is in agreement with the brackets listed in eq. (3.4). The products it
remains to check are those in which two fermionic currents are multiplied. After
some calculation we get
Λab(z)Λcd(w) =0
Ψab(z)Ψcd(w) =0
Ψab(z)Λcd(w) =
kδbcδad
(z − w)2 −
1
z − w [δadKcb(w) + δbcLad(w)].
(5.21)
When we compare the ΨΛ product in (5.21) with the corresponding anticommuta-
tor (eq. (3.3)), we notice that the right-hand side of the result obtained in (5.21)
differs in sign from the result we should have found according to eq. (3.3). This
problem can be arranged by reversing the sign of Ψ in our free-field representation.
Notice that none of eqs. (5.20) is altered by this change. Therefore we replace the
third equation in (5.14) by
Ψab = ηab. (5.22)
Once we have represented the currents by free fields, we can obtain the expression
of the different operators appearing in the topological algebra. Let us begin by
considering the energy-momentum tensor. First of all we denote the Sugawara
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bilinears for the j(α) and j(β) currents by T
(α)
1 and T
(β)
1 respectively:
T
(α)
1 =
∑
a,b
: j
(α)
ab j
(α)
ba :
T
(β)
1 =
∑
a,b
: j
(β)
ab j
(β)
ba : .
(5.23)
The operators T1 and T2 obtained with the first and second Casimirs of gl(N,N)
are represented as
T1 =T
(α)
1 − T (β)1 −N
∑
a
(∂j
(α)
aa + ∂j
(β)
aa ) + 2k
∑
a
: ηab∂ξba :
T2 =
∑
a,b
: (j
(α)
aa + j
(β)
aa )(j
(α)
bb + j
(β)
bb ) : .
(5.24)
Adopting a trace notation, we can now write down the expression of T as
T =: Tr(η∂ξ) : +
1
2k
[T
(α)
1 − T (β)1 −NTr(∂j(α) + ∂j(β))]
+
1
2k2
[: Tr(j(α) + j(β))Tr(j(α) + j(β)) :].
(5.25)
As a check one may verify that the currents JAB represented as in eqs. (5.14) and
(5.22) are primary with respect to the operator (5.25). In this calculation one must
use the singular product expansion of T
(α)
1 and T
(β)
1 with j
(α) and j(β). These can
be obtained by using eqs. (5.15) and (5.19). One has
T
(α)
1 (z)j
(α)
ab (w) =
2(kα +N)
(z − w)2 j
(α)
ab (w) +
2(kα +N)
z − w ∂j
(α)
ab (w)−
− 2δab
(z − w)2
∑
c
j
(α)
cc (w)− 2δab
z − w
∑
c
∂j
(α)
cc (w).
(5.26)
This expression can be obtained in a way similar to the one employed to prove
eq. (2.45). Moreover, due to the coupling (5.19), the product T
(α)
1 j
(β) contains
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singular terms. It can be easily proved that
T
(α)
1 (z)j
(β)
ab (w) =
2δab
(z − w)2
∑
c
j
(α)
cc (w) +
2δab
z − w
∑
c
∂j
(α)
cc (w). (5.27)
Of course there are equations similar to (5.26) and (5.27) in which the labels α
and β are interchanged. It is now straightforward to check that the JAB currents
satisfy
T (z)JAB(w) =
1
(z − w)2JAB(w) +
1
(z − w)∂JAB(w), (5.28)
which is the OPE equivalent to the bracket (2.49). Other generators appearing in
the topological algebra can be equally computed:
G =
1
2k
: Tr[η(j(α) − j(β))] : −N
2k
Tr(∂η) +
1
2k2
: Tr(j(α) + j(β))Tr(η) :
Q =− : Tr[ξ(j(α) + j(β))− ξηξ − k∂ξ] :
R =
1
2
Tr(j(α) − j(β))+ : Tr(ηξ) :
W =− 1
2k2
: Tr[(j(α) + j(β))ηη] : +
1
2k2
: [Tr∂ηTrη −NTr(∂ηη)] :
V =− 1
6k2
: Tr(η3) : .
(5.29)
Eqs. (5.25) and (5.29) provide an explicit representation of our topological algebra
in terms of two bosonic currents j(α) and j(β) and two fermionic fields η and ξ.
However, as we pointed out above, the abelian components of j(α) and j(β) are
coupled (see eq. (5.19)). A free-field representation of an algebra should be given
in terms of a set of uncoupled fields. As the coupling of the traceless components
of the currents vanishes, it will be convenient to separate the sl(N) parts of j(α)
and j(β) from the remaining U(1) contributions. This decomposition will serve us
to clarify the nature of the extended topological algebra. Actually we show below
that our algebra is intimately linked to the non-abelian topological current algebra
underlying our theory.
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We split our currents as:
j
(α)
ab =I
(α)
ab + δab
√
N − k
N
j1
j
(β)
ab =I
(β)
ab − δab
√
N + k
N
j2,
(5.30)
where the sl(N) currents I(α) and I(β) are traceless:
∑
a
I
(α)
aa =
∑
a
I
(β)
aa = 0. (5.31)
The coefficients multiplying the abelian currents j1 and j2 have been chosen for
later convenience. Using eqs. (5.15) and (5.19) we can write the OPE’s satisfied
by our sl(N) currents
I
(α)
ab (z)I
(α)
cd (w) =(k −N)
δadδbc − 1N δabδcd
(z − w)2 +
δbcI
(α)
ad (w)− δadI
(α)
cb (w)
z − w
I
(β)
ab (z)I
(β)
cd (w) =− (k +N)
δadδbc − 1N δabδcd
(z − w)2 +
δbcI
(β)
ad (w)− δadI
(β)
cb (w)
z − w .
(5.32)
The U(1) currents have the following singular product expansions:
j1(z)j1(w) =j2(z)j2(w) = − 1
(z − w)2
j1(z)j2(w) =− N
(N2 −K2) 12
1
(z − w)2 .
(5.33)
Other products of currents appearing in the decomposition (5.30) are regular. The
OPE’s of eq. (5.33) can be reproduced by representing j1 and j2 in terms of two
bosonic fields ϕ and φ. Let us assume that these two fields obey the OPE
ϕ(z)φ(w) = −log(z − w). (5.34)
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Then eq. (5.33) is satisfied by the following combinations of ∂ϕ and ∂φ:
j1 =
1
(N − k) 12
∂ϕ +
(N − k) 12
2
∂φ
j2 =
1
(N + k)
1
2
∂ϕ +
(N + k)
1
2
2
∂φ.
(5.35)
Let us now perform a decomposition of the fermionic fields η and ξ similar to
the one adopted in the bosonic sector of the theory:
ηab = ρab + k
δab√
N
µ ξab = γab +
δab
k
√
N
ζ, (5.36)
where the γ and ρ fields are traceless, i.e.:
∑
a
ρaa =
∑
a
γaa = 0. (5.37)
The only non-vanishing OPE’s are:
ρab(z)γcd(w) = −
δadδbc − 1N δabδcd
z − w µ(z)ζ(w) = −
1
z − w. (5.38)
Substituting eqs. (5.30), (5.35) and (5.36) into the expression of the energy-
momentum tensor of the theory (eq. (5.25)) we obtain T as the sum of an sl(N)
contribution and a U(1) part:
T = Tsl(N) + TU(1). (5.39)
where
Tsl(N) =
1
2k
[: Tr(I(α)I(α)) : − : Tr(I(β)I(β)) :]+ : Tr(ρ∂γ) :
TU(1) =− : ∂φ∂ϕ : +
N
3
2
2
∂2φ+ : µ∂ζ : .
(5.40)
This additivity of the sl(N) and U(1) components is satisfied by all the generators
of the topological algebra.
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It is interesting to notice that both operators Tsl(N) and TU(1) have a vanishing
Virasoro anomaly. This means that the sl(N) and U(1) parts of our theory consti-
tute separate topological conformal field theories. In fact they are the irreducible
components of our topological theory. There is however a fundamental difference
between these two components: while the non-abelian part non-trivially satisfies
the extended topological algebra, the algebra of the U(1) component closes with-
out introducing spin-three operators. In this sense we can say that the non-abelian
part is responsible for the extension of the algebra. Another important point is
that the dimension d of these two algebras is not zero, although their sum vanishes.
Actually the dimension of the non-abelian part exactly equals the dimension of the
SL(N) group manifold. This fact suggests that our theory can be regarded as a
topological sigma model for the group manifold SL(N) (i.e. as a topological version
of the SL(N) WZW model) together with a compensating abelian component.
Let us first study the U(1) component of our theory. The generators of the
topological algebra have the following form:
G = : µ∂ϕ : −N
3
2
2
∂µ
Q = : ζ∂φ : +
√
N∂ζ
R =
√
N(∂ϕ +
N
2
∂φ)+ : µζ : .
(5.41)
The U(1) contribution to V and W vanishes and the parameter d appearing in the
algebra closed by the operators (5.41) is 1 − N2. In order to see how the BRST
symmetry relates our fields, let us compute the transformation generated on them
by Q . After a simple calculation we get
δϕ =− ζ δφ = 0
δµ =− ∂φ δζ = 0,
(5.42)
which implies that ζ is the BRST copy of ϕ and µ is the partner of the abelian
current ∂φ. In the gl(1, 1) case, this U(1) contribution is the only one. Its topo-
logical dimension in this case vanishes. As explained in the previous section, by
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twisting the theory as in eq. (4.11) and (4.12), we can get a non-zero d value. It
is easy to verify that, in so doing, we get the standard representation [29] of the
twisted N = 2 superconformal algebra.
In order to analyse the non-abelian component of our theory, let us adopt a
more standard notation for the sl(N) Lie algebra. Let T i (i = 1, · · · , N2 − 1)
be a set of generators of sl(N) chosen in such a way that Tr(T iT j) = δij . They
satisfy commutation relations [T i, T j] = f ijkT k, where f ijk are the (totally anti-
symmetric) structure constants. If A is an arbitrary element of the Lie algebra,
its components Aab with respect to the Eab matrices and A
i with respect to the
generators T i are related by the expressions
Ai =
∑
ab
Aab(T
i)ab Aab =
∑
i
Ai(T i)ba. (5.43)
Using these equations, the sl(N) contribution to the operators of eq. (5.29) can
be written as
G =
1
2k
: ρi(I(α)
i − I(β) i) :
Q =− : γi(I(α) i + I(β) i + 1
2
f ijkγjρk) :
R = : ρiγi :
W =
1
4k2
: f ijk(I(α)
i
+ I(β)
i
)ρjρk : − N
2k2
: ∂ρiρi :
V =
1
12k2
: f ijkρiρjρk :,
(5.44)
where we sum over repeated indices. As we mentioned above, the dimension d
appearing in the algebra satisfied by the operators of eq. (5.44) is
dsl(N) = N
2 − 1.
Let us denote by I the sl(N) contribution to the current J . Its components along
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the T i generators are given by
Ii = I(α) i + I(β) i+ : f ijkγjρk : . (5.45)
It is instructive to write the BRST transformation of the non-abelian fields:
δI(α)
i
=f ijkγjI(α)
k
+ (N − k)∂γi
δI(β)
i
=f ijkγjI(β)
k
+ (N + k)∂γi
δγi =
1
2
f ijkγjγk
δρi =I(α)
i
+ I(β)
i
+ f ijkγjρk,
(5.46)
The BRST transformation of our gl(N) fields has, in fact, the standard form of a
non-abelian BRST symmetry. This transformation law implies that the field ρ is
the partner of I. They close an sl(N) algebra without central extension:
Ii(z)Ij(w) =f ijk I
k(w)
z − w
ρi(z)Ij(w) =f ijk ρ
k(w)
z − w.
(5.47)
Notice that, although the level k does not appear in the current algebra, it shows
up in the BRST variations of the currents. In fact the last two terms in the first two
equations (5.46) are proportional to kα and kβ, which are the central extensions
appearing in (5.32).
The form of the energy-momentum tensor T , its BRST partner G and the two
dimension-one currents Q and R, is identical to the one found in refs. [23,24,25]
for the sl(N)/sl(N) topological coset models. This means that the extended topo-
logical symmetry we have obtained is realized in the G/G theories. Moreover, the
deformations (4.11) and (4.12) found in the previous section , when restricted to
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the sl(N) component, take the form:
T →T +
∑
i
αi∂Ii
G→G+
∑
i
αi∂ρi
R→R +
∑
i
αiIi.
(5.48)
The parameter dsl(N) is not changed from its value N
2−1 under this deformation.
This can be easily verified by explicit calculation but, in fact, it is clear from
(4.14) that only the U(1) sector of our theory changes its parameter d under this
transformation. Remarkably, when the αi are taken equal to one for the generators
of the sl(N) Cartan subalgebra and zero otherwise, it has been noticed in refs.
[24,25] that the deformed sl(N)/sl(N) model is equivalent to a system of (p, q)
WN minimal matter coupled to WN gravity (plus some extra topological sectors).
With our notations, this equivalence is valid when k is equal to p2q , with p, q integers.
Actually this is not surprising in view of the interpretation of the G/G models as
the topological analogue of the WZW model. A similar result was obtained in
refs. [31,32] using the quantum Hamiltonian reduction of the WZW model. It is
interesting to point out that, since the dimension-three generators V andW are not
altered under the transformation (5.48), the algebra of the modified theory retains
its extended character after the deformation has been performed. The fact that
our extended algebra is present in the minimal topological matter systems leads
us to conjecture that, in fact, we are dealing with the basic topological algebra.
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6. Discussion and outlook
The theories with a current algebra symmetry are the basic building blocks
from which all known rational conformal field theories can be constructed. It
might be that a similar statement could apply to the two-dimensional topological
conformal field theories. In this paper we have constructed a model possessing both
topological and current algebra symmetries. The currents that close with the topo-
logical algebra are of a special type: they form a topological multiplet, composed
by a bosonic current and its BRST partner, and they obey an algebra without cen-
tral extension. A c-number anomaly appears, however, when the BRST symmetry
acts on the currents. Contrary to what happens with the Virasoro algebra, in order
to incorporate a current algebra with a non-abelian topological symmetry, one has
to extend the topological algebra by including spin-three generators. Although we
do not have a general proof of this statement, this conclusion is likely to hold for
any BRST symmetry acting on the currents in a non-abelian way (i.e. as an odd
rotation with central extension).
An important point we have not considered here is the determination of the
spectrum of physical states of our theory. Closely related to this question is the
analysis of the topological invariant observables of the model. In view of the
connection found in section 5 with the G/G coset models, it is clear that one could
invoke the results of refs. [24,25], in which the cohomology of the Fock space of
the topological G/G theory has been studied.
One of our motivations to study a theory with an affine gl(N,N) symmetry
was the relation found in ref. [15] between the gl(1, 1) theory and the Alexander-
Conway knot polynomial. It would be interesting to analyse the implications of
the topological symmetry found here in the study of knot invariants. In particular,
for N > 1, our analysis could lead to formulate a non-abelian generalization of
the Alexander-Conway knot polynomial. It is interesting to notice in this respect
that, as was stressed in ref. [23], the G/G coset models are the two-dimensional
analogues of the three-dimensional Chern-Simons theory for the gauge group G.
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This fact is a clue that may help to understand the precise relation between the
Alexander-Conway and the Jones polynomials, a problem that remains open in
knot theory.
Finally, let us point out that, although we have restricted ourselves to two-
dimensional space-times, we could try to use a gl(N,N) symmetry as a tool to
generate topological field theories in any number of dimensions. In the particular
case of four dimensions, it would be interesting to investigate if one can generate
models of topological matter and, in that case, study their coupling to gravity. We
expect to report on this and related issues in a near future.
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APPENDIX A
Below we collect the brackets of the extended topological algebra for an arbi-
trary dimension d:
[T n, Tm] =(n−m)T n+m
[Qn, Qm] =0
[Qn, Gm] =T n+m + nRn+m +
d
2
m(m+ 1)δn+m,0
[T n, Rm] =−mRn+m − d
2
n(n+ 1)δn+m,0
[T n, Qm] =−mQn+m
[T n, Gm] =(n−m)Gn+m
[Rn, Rm] =dnδn+m,0
[Rn, Qm] =Qn+m
[Rn, Gm] =−Gn+m
[Gn, Gm] =W n+m
[Qn,Wm] =0
[Rn,Wm] =− 2W n+m
[T n,Wm] =(2n−m)W n+m
[Gn,Wm] =(2n−m)V n+m
[Qn, V m] =W n+m
[Rn, V m] =− 3V n+m
[T n, V m] =(2n−m)V n+m
[Gn, V m] =0
[W n,Wm] =0
[V n,Wm] =0
[V n, V m] =0.
(A.1)
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APPENDIX B
In this appendix we shall show how a topological current algebra of the type
discussed in section 4 appears in another context [28]. The model we shall analyse
is the zero-level sl(2) WZW model. As the central charge for the sl(2)k current
algebra is c = 3k
k+2 , it is clear that we shall be dealing with a conformal field theory
with vanishing Virasoro anomaly, which we would expect to be topological. At the
topological point k = 0, the sl(2) currents close a bosonic algebra without cen-
tral extension, and there exists a BRST symmetry making the energy-momentum
tensor and the currents cohomologically exact.
Let us start our analysis by recalling the free-field representation of the sl(2)
affine algebra. It can be obtained [21] by means of a gaussian decomposition of the
SL(2) group similar to the one performed in section 5. Let be φ a real scalar field
and β and γ a bosonic system of 1– and 0–differentials obeying the OPE’s
φ(z)φ(w) = −log(z − w)
β(z)γ(w) = − 1
z − w.
(B.1)
The sl(2)k currents are represented as
J+ =β
J− =− βγ2 − i
√
2(k + 2)γ∂φ − k∂γ
J3 =βγ + i
√
k + 2
2
∂φ.
(B.2)
Using eq. (B.2) it is straightforward to check that they satisfy the OPE’s
J3(z)J±(w) = ± 1
z − wJ±(w)
J+(z)J−(w) =
k
(z − w)2 +
2
z − wJ3(w).
(B.3)
The energy-momentum tensor of the theory can be witten in terms of these free
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fields as
T =
1
2(k + 2)
: [J+J− + J−J+ + 2(J3)
2] :=
=− β∂γ − 1
2
(∂φ)2 − i√
2(k + 2)
∂2φ.
(B.4)
In order to see how the BRST symmetry appears at the topological point, it is
convenient to replace the scalar field φ by a Grassmann (b, c) system. These new
fields are related to φ in the following way:
b =: eiφ : c =: e−iφ : . (B.5)
From the expansion (B.1), one gets
b(z)c(w) =
1
z − w. (B.6)
On the other hand T can be written in terms on b and c as
T = −β∂γ − jb∂c + (1− j)∂bc (B.7)
where j = 12 +
1√
2(k+2)
is the spin of the field b, whereas c has conformal weight
1 − j. Taking into account that : bc := i∂φ, one can immediately express the
currents in terms of b and c. Let us now put k = 0 everywhere. The c field has
dimension zero at this point and, therefore, the fermionic nilpotent operator
Q =: βc : (B.8)
has dimension one. Let us see that this is the BRST current we are looking for.
First of all Q induces the following transformation on the fields:
δb =β δβ = 0
δγ =− c δc = 0.
(B.9)
Now, putting k = 0 in eq. (B.2), one realizes that the Ja operators are BRST-
exact, i.e. that there exist fermionic fields Ψa such that Ja = δΨa. The explicit
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expression of these new fields are
Ψ+ = b Ψ− = −bγ2 Ψ3 = bγ. (B.10)
The Ψ’s are primary dimension-one operators with respect to T . They close the
following algebra with the bosonic currents
Ψa(z)Jb(w) =
fabc
z − wΨc(w) Ψa(z)Ψb(w) = 0, (B.11)
which, together with eq. (B.2) (for k = 0), constitute what we have called a
topological current algebra. In (B.11) fabc are the sl(2) structure constants (see
eq. (B.3)). The BRST partner of T , denoted as usual by G, can be obtained as a
Sugawara bilinear:
G =
1
4
: [Ψ+J− +Ψ−J+ + 2Ψ3J3] := − : b∂γ : . (B.12)
Notice that the global coefficient 14 is the same as in eq. (B.4) for k = 0. The
operators Q, T and G close a (non-extended) topological algebra with abelian
current R and dimension d equal to
R =: bc : d = 1. (B.13)
It is interesting to obtain the OPE’s of the BRST current Q and the sl(2)
currents. The singular terms in the expansion of Q(z)Ψa(w) are given by
Q(z)Ψ+(w) =
J+(w)
z − w
Q(z)Ψ−(w) =
2
(z − w)2γ(w) +
1
z − wJ−(w)
Q(z)Ψ3(w) =
−1
(z − w)2 +
1
z − wJ3(w).
(B.14)
It is worth pointing out that the central extensions appearing in eq. (B.14) are
not c-numbers. In fact the same type of phenomenon occurs when the products
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Q(z)Ja(w) are computed:
Q(z)J+(w) =Q(z)J3(w) = 0
Q(z)J−(w) =
2
(z − w)2 c(w).
(B.15)
Notice that the fields appearing in the double pole singularity in eqs. (B.14) and
(B.15) are the zero-dimensional fields γ and c. From (B.9) it follows that they
belong to the same topological multiplet. Other OPE’s of the generators of the
topological algebra with the currents can also be computed. For example, if we
multiply G by J and Ψ we get
G(z)Ja(w) =
Ψa(w)
(z − w)2 +
∂Ψa(w)
z − w
G(z)Ψa(w) =0.
(B.16)
which mean that J and Ψ are also primary with respect to G in the sense discussed
in section 4. The behaviour of the currents under the R-symmetry is determined
by the expansions
R(z)J+(w) =0 R(z)J−(w) = − 2
(z − w)2 γ(w)
R(z)J3(w) =
1
(z − w)2 R(z)Ψa(w) =
Ψa(w)
z − w .
(B.17)
There is a fundamental difference between this system and the one studied at the
end of section 5. Although the currents J and Ψ close a non-abelian algebra, the
BRST operator Q does not act as a non-abelian symmetry on the currents. This is
consistent with the fact that the topological dimension of this system is not equal
to the dimension of SL(2).
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